The purpose of this article is to introduce and investigate properties of a tool (the a-hyperbolic dimension) which enables us to obtain new examples of homogeneous spaces G/H which admit and do not admit almost compact Clifford-Klein forms. We achieve this goal by exploring in greater detail the technique of adjoint orbits developed by Okuda combined with the well-known conditions of Benoist. We find easy-to-check conditions on G and H expressed directly in terms of the Satake diagrams of the corresponding Lie algebras, in cases when G is a real form of a complex Lie group of type A n , D 2k+1 or E 6 . One of the advantages of this approach is the fact, that we don't need to know the embedding of H into G. Using the a-hyperbolic dimension we also show, that the homogeneous space E 6 IV /H of reductive type admits compact Clifford-Klein forms if and only if H is compact. Also, inspired by the work of Okuda on symmetric spaces G/H we classify all 3-symmetric spaces admitting almost compact Clifford-Klein forms.
a-hyperbolic dimension
By the a-hyperbolic dimension we will understand a dimension of a specific convex cone defined by the action of the Weyl group of a semisimple Lie group G.
Let V be a real vector space of dimension n. Choose a set of linearly independent vectors B ⊂ V. A convex cone A + is a subset of V generated by all linear combinations with non-negative coefficients A + := Span + (B). The cardinality of B is the dimension of the convex cone A + . In the sequel we will use the simple observation 2 that for any linear automorphism f : V → V, such that f (A + ) = A + , the set of fixed points of f in A + is a convex cone. Lemma 1. Let V 1 , ..., V n be a collection of vector subspaces of V and let A + be a convex cone. Assume that
Then there exists a number k, such that A + ⊂ V k .
Antipodal hyperbolic orbits
In this section we are interested in antipodal hyperbolic orbits in absolutely simple Lie algebras. Let G be a real, connected and absolutely simple Lie group with a Lie algebra g. We say that an element X ∈ g is hyperbolic, if X is semisimple (that is, ad X is diagonalizable) and all eigenvalues of ad X are real. We begin with a brief description of an effective way of classifying antipodal hyperbolic orbits in g C and in g. For a more detailed treatment of this subject please refer to [16] . Fix a Cartan subalgebra j C of g C . Let ∆ = ∆(g C , j C ), be the root system of g C with respect to j C . Consider the subalgebra
which is a real form of j C . Choose a subsystem ∆ + of positive roots in ∆. Then
is the closed Weyl chamber for the Weyl group W g C of ∆. Lemma 2 (Fact 6.1 in [16] ). Every complex hyperbolic orbit in g C meets j in a single W g C orbit. In particular there is a bijective correspondence between complex hyperbolic orbits O X and elements X of j + .
Let Π be a simple root system for ∆ + . For every X ∈ j we define
The above map is called the weighted Dynkin diagram of X ∈ j, and the value α(X) is the weight of the node α. Since Π is a base of the dual space j * , the map
is an linear isomorphism. From Lemma 2 we see, that:
is bijective. We also need a tool, that will enable us to distinguish antipodal hyperbolic orbits. Let w 0 be the longest element of W g C . The action of w 0 sends j + to −j + , X → −X. Define:
This is an involutive automorphism of j, which preserves j + . Then Ψ and −w induce the linear automorphism
C is antipodal if and only if the weighted Dynkin diagram of O is invariant with respect to ι.
The involutive automorphism ι is non-trivial only for g C of type A n , D 2k+1 , E 6 , for n, k ≥ 2. In such cases the form of ι is described in Theorem 6.3 (ii) in [16] . Now we should investigate which complex hyperbolic orbits in g C meet g. Choose a Cartan involution θ of g, and the corresponding Cartan decomposition
There exists a Cartan subalgebra j g = t + a of g for which a is a maximal abelian subalgebra of p, and t is in the centralizer Z k (a) (such subalgebra is called split).
Notice that j C = j g + ij g and j = it + a.
the restricted root system of g with respect to a. The set of positive roots has the form
We have a + = j + ∩ a. 
and every hyperbolic orbit in g is obtained this way.
We see that ι(a + ) = a + therefore we can define the convex cone
as the set of all fixed points of ι in a + .
For a semisimple g we will take b + to be the convex cone spanned by vectors generating convex cones b + s , defined for every simple part s of g (we can perform such construction, since the Cartan involution θ never maps a nonzero vector X to a vector orthogonal to X with respect to the Killing form of the semisimple algebra g). Definition 2. The dimension of a + is called the real rank (rank R (g)) of g. The dimension of b + is called the a-hyperbolic dimension of g and is denoted byd(g).
By Lemma 2, Theorem 1 and Theorem 2 we have:
There is a bijective correspondence between antipodal hyperbolic orbits O X in g and elements X ∈ b + . One also has
In what follows we will use the notion of the Satake diagram. Let us recall this construction. Choose the Cartan decomposition as above. Let θ : g → g be the Cartan involution defined, as before. Recall that all our constructions are performed with respect to j and j C . Consider the complex conjugation σ : g C → g C . As usual we get the root space decomposition
Define the involution σ * on (j C ) * by the formula
. Put Π 0 = Π∩∆ 0 and Π 1 = Π∩∆ 1 . Recall that the Satake diagram for g is defined as follows. One takes the Dynkin diagram for g C and paints vertexes from Π 0 in black and vertexes from Π 1 in white. Next, one shows that σ * determines an involutionσ on Π 1 defined by the equation
By definition, if the above equality holds for α and β, thenσα = β. Now the construction of the Satake diagram is completed by joining by arrows the white vertexes transformed into each other byσ. Recall that semisimple real Lie algebras are uniquely determined by their Satake diagrams up to isomorphism. The table of the Satake diagrams for all real forms of simple complex Lie algebras can be found in [17] .
In order to calculate the a-hyperbolic dimension we need the following definition and theorems (compare Definition 7.3 in [16] ) Definition 3. Let Ψ X ∈ Map(Π, R) be the weighted Dynkin diagram of g C and S g be the Satake diagram of g. We say that Ψ X matches S g if all black nodes in S g have weights equal to 0 in Ψ X and every two nodes joined by an arrow have the same weights. Theorem 3 (Theorem 7.4 in [16] ). The weighted Dynkin diagram Ψ X ∈ Map(Π, R ≥0 ) of a complex hyperbolic orbit O in g C matches S g if and only if O meets g. There is also a bijective correspondence between elements of Map(Π, R ≥0 ) and the set of complex hyperbolic orbits meeting g. Theorem 4 (Theorem 7.5 in [16] ). The map Ψ : j → Map(Π, R) induces the linear isomorphism:
The procedure of calculating the a-hyperbolic dimension is a straightforward consequence of the cited results and looks as follows.
Step 1. We calculate the a-hyperbolic dimension separately for every simple part of g and add results.
Step 2. We calculate the a-hyperbolic dimension for simple g (dim(g) = n) by taking the weighted Dynkin diagrams of hyperbolic orbits in g C matching S g and preserved 6 by ι. We interpret weights of a given weighted Dynkin diagram as coordinates of a vector in R n . All vectors constructed this way give us the convex cone which has dimension equal tod(g). Example 1. We will show how to calculate the a-hyperbolic dimension of G = E IV 6 . We take the weighted Dynkin diagram of E C 6 and check how ι acts on it Using the described procedure we get the following table of a-hyperbolic dimensions which are not equal to the real ranks of the corresponding Lie algebras. 
Almost compact Clifford-Klein forms
Let G be a connected, semisimple, real Lie group with Lie algebra g and H ⊂ G be a closed and connected subgroup. Assume that G has finite center. Also, let h be the Lie algebra of H and W g be the Weyl group of g. Definition 4. The subgroup H is reductive in G if h is reductive in g, that is, there exists a Cartan involution θ for which θ(h) = h. The space G/H is called the homogeneous space of reductive type. Moreover, in this setting the Lie algebra h is reductive (which means that it is a sum of its center and the semisimple part [h, h]).
Introduce the following definition (motivated by results [1],[2] cited below).
Definition 5. The homogeneous space G/H is called an almost compact CliffordKlein form if H has compact center and G/H admits a discontinuous action of a discrete subgroup Γ ⊂ G which is not virtually abelian (that is, it does not contain an abelian subgroup of finite index).
By [1] , if a non-compact space G/H admits a compact Clifford-Klein form then it also admits a discontinuous action of a discrete and non virtually abelian subgroup of G. Also, the following is known. Theorem 6 (Corollary 2 in [2] ). Assume that G has finite center. If G/H admits compact Clifford-Klein form then H has compact center.
The Lie subalgebra h is reductive in g, therefore we can choose a Cartan involution θ of g preserving h. We obtain the Iwasawa decomposition
which is compatible with the decomposition g = k + a + n (that is k h ⊂ k, a h ⊂ a and n h ⊂ n.). Y. Benoist in [1] gave the following characterization of homogeneous spaces G/H which admit a discontinous action of a non virtually abelian subgroup Γ ⊂ G. Theorem 7 (Theorem 1 in [1] ). Group G contains a discrete and non virtually abelian subgroup Γ which acts discontinuously on G/H if and only if for every w in W g , w · a h does not contain b + . Also one can choose Γ to be Zariski dense G.
In this section we will show an effective way of determining if such action exists. Let g C be a complexification of g and assume that a subalgebra h ⊂ g is reductive in g and has compact center. Since the subalgebra h is reductive we have
with the decomposition of the semisimple part
. Take the split Cartan subalgebra j h of h. Then
where t h ⊂ k h ⊂ k and a h ⊂ a. Therefore Let b + h be the convex cone constructed according to the procedure described in the previous subsection (for [h, h] ). Note that h has compact center and therefore every hyperbolic element in h is contained in [h, h]. We will also need following lemma.
Proof. The vector X defines an antipodal hyperbolic orbit in h. Therefore we can find h ∈ H ⊂ G such that Ad h (X) = −X. Since for the decomposition (defined by the Cartan involution θ) g = k + a + n the space a consists of vectors for which ad is diagonalizable with real values and
X is a hyperbolic orbit in g and −X ∈ AdG(X).
Main result
The following theorem is the main result of this work. Theorem 8. Let G be a connected and semisimple Lie group and let H be a reductive subgroup with a compact center and a finite number of connected components. Let g and h denote the appropriate Lie algebras. Then 1. Ifd(g) =d(h) then G/H does not admit almost compact (and, therefore, compact) Clifford-Klein forms.
2. If rank R (g) = rank R (h), then G/H does not admit almost compact (and, therefore, compact) Clifford-Klein forms.
3. Ifd(g) > rank R (h) then G/H admits almost compact Clifford-Klein forms.
Proof. Let us begin with the proof of the first claim of the theorem. By Theorem 7, the non-existence of almost compact Clifford-Klein forms for G/H can be reformulated as the following sequence of the equivalent conditions:
Here is the proof of their equivalence. The first two are equivalent, because if a vector space contains B then it also contains Span(B). The equivqalence of the second and the third condition is straightforward.
Taking into consideration the above equivalences, one reformulates the condition in Theorem 7 as follows: for every w in W g the space w·Span(b + ) is not in a h . According to Lemma 3 and Lemma 4 the orbit AdG(X) for X ∈ b + h ⊂ a is an antipodal hyperbolic orbit. Therefore we can find
Taking into consideration Lemma 1 we get the inclusion
for some w ∈ W g . Since a-hyperbolic dimensions are equal one has the equalitỹ
Since w is an automorphism one obtains
The second claim is well known as the Calabi-Markus phenomenon (see [8] ).
The third claim is also straightforward. Every element w ∈ W g acts on a by linear transformations, and, therefore, preserves the dimension n of the subspace a h ⊂ a. Our assumption implies that b + contains subset of more than n linearly independent vectors, therefore b + can not be a subset of linear subspace w · a h ⊂ a (for any w). 14] ). If G n ⊂ G n−1 ⊂ ... ⊂ G 0 and G i /G i−1 is of reductive type (for 1 ≤ i ≤ n) then G 0 /G n is a homogeneous space of reductive type. Corollary 2. Letd(G n ) =d(G 0 ). Assume that G j has compact center and G i /G j is non-compact. Then G i /G j does not admit compact Clifford-Klein forms for i < j.
The following examples are obtained by calculating the a-hyperbolic dimensions of the corresponding G and H (according to Table 1 ). Example 2. The following homogeneous spaces do not admit compact Clifford-Klein forms:
Example 3. The following homogeneous spaces admit almost compact CliffordKlein forms:
The a-hyperbolic dimension gives us also an easy way of determining if a subalgebra h ⊂ g can determine a closed, reductive subgroup H in G. Lemma 5. If H is closed and reductive subgroup of G with compact center then:
In particular, if H is closed and semisimple subgroup of G then the above condition has to be satisfied.
Proof. The Lemma follows from equation (1) (in the proof of Theorem 8) and Theorem 9. does not admit G 2 , SO(2, 3), SO(2, 5), SO(2, 7) and Sp(2, R) as closed subgroups.
We also have the following theorem: Theorem 11. Assume that G = E IV 6 , SO * (6), SL(3, R) and H is a non-compact subgroup of reductive type. Then G/H does not admit compact Clifford-Klein forms.
Proof. Notice thatd(G) = 1. Ifd(H) = 1 then G/H does not admit Clifford-Klein forms. On the other hand, ifd(H) = 0 then rank R (H) = 0 and thus H is compact.
One should point out, that this property was already known for G = SL(3, R) (compare Proposition 1.10 in [15] ). Now we mention an observation with possible applications to symplectic topology. It is based on the following result. Theorem 12 ([9] ). If X ∈ g is a semisimple element, then the semisimple orbit G/Z G (X) ∼ = Ad(G)X is a homogeneous space of reductive type, where:
The above property shows us an interesting method of checking if a given elliptic orbit can be compactified. Example 5. Every elliptic orbit of SL(4, R) with a non-compact isotropy subgroup (with compact center) is an almost compact Clifford-Klein form (please refer to [4] for a classification of the isotropy subgroups of elliptic orbits).
3-Symmetric spaces
Definition 6. A regular homogeneous k-manifold is a triple (G, H, σ) , where G is a connected Lie group, H ⊆ G is a closed subgroup, and σ : G → G is an automorphism of G such that:
1. σ k = id and k ≥ 2 is the least integer with this property,
, where G σ = {g ∈ G | σ(g) = g} , and (G σ ) o is the identity component of G σ .
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In this article we consider the case k = 3 intrudoced for the first time by J. Wolf and A. Gray in [5] . Clearly, if k = 2 we get a class of symmetric spaces, that is, homogeneous spaces generated by involutive automorphisms. For the general theory we refer to [12] .
As an application of Theorem 8 we give a list of all connected and simple real 3-symmetric spaces in the table below. Table 2 . Non-compact, simple 3-symmetric spaces admitting almost compact Clifford-Klein forms. G K SL(2n, R)/Z 2 {SL(n, C) × T 1 }/Z n 2 SO(2n + 1 − 2s − 2t, 2s + 2t) U (a − s, s) × SO(2n − 2a + 1 − 2t, 2t) 1 ≤ a ≤ n, 2 ≤ 2s ≤ a Sp(n, R)/Z 2 {U (a − s, s) × Sp(n − a, R)}/Z 2 1 ≤ a ≤ n, 2 ≤ 2s ≤ a SO(2n − 2s − t, 2s + t)/Z 2 {U (a − s, s) × SO(2n − 2a − t, t)}Z 2 1 ≤ a ≤ n, 0 ≤ 2s ≤ a, 0 ≤ t ≤ n − a, (s, t) = (0, 0) SO * (2n)/Z 2 {U (a − s, s) × SO * (2n − 2a)}Z 2 1 ≤ a ≤ n, 0 ≤ 2s ≤ a G 2 U (1, 1), SU (2, 1) 
